
Chapter 2

Transmission Lines on Lossy Substrates

For the last twenty-�ve years there has been a great deal of interest in modeling

micro-strip transmission lines on semiconducting substrates. On-chip and some

multichip module1 interconnects, that fall in this category, produce behavior

that is more di�cult to predict than that of lines made on lossless substrates.

Microstrip transmission lines on layered lossy substrates can support funda-

mentally di�erent modes of propagation [13, 17], which lead to a "de coup-

ling" of the inductance L and capacitance C per unit length for the microstrip.

Overall, a signi�cant change in the signal propagation velocity can result with

changing geometry, medium parameters, or frequency. Typically there is a

range of parameters where the capacitance of the line is increased, producing a

propagation velocity much slower than expected. In 1971 Hasegawa et al. [14]

experimentally veri�ed this behavior for a microstrip on a SiO2-Si substrate,

over a wide range of substrate resistivity, dielectric thickness, and microstrip

width. Quasi-statics accurately predicts the behavior of such transmission lines,

with excellent agreement between full-wave and static model over a very wide

ranges of dimensions, substrate conductivity, and frequency. A modi�ed model

1Multichip modules, also called MCMs, provide convenient packaging for high speed di-

gital interconnects.
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is developed using the transverse resonance method for series impedance, and

Wheeler's formulae for shunt admittance[41].

2.1 Transmission Lines

Interconnect structures used on MCMs or PCBs can be considered as trans-

mission lines, as the current return paths generally run close to the signal lines.

Among the many forms of wave guiding structures, only the ones that satisfy

the conditions listed below support Transverse Electro-Magnetic waves (TEM)

(no �eld component in the direction of propagation):

{ Has more than one conductor

{ Embedded in homogeneous and isotropic medium

{ Conductors have in�nite conductivity

Actually, these conditions are never satis�ed. For all practical purposes,

a TEM approximation is valid for a variety of transmission line structures in

the usable frequency range for that structure. If the electromagnetic waves

have negligible �eld components in the direction of propagation compared to

the transverse components, then this mode of propagation is called quasi-TEM.

This approximation is valid up to the frequencies where quasi-static approxim-

ation is valid. Quasi-static �elds and currents exist in structures where at the

frequency of operation the wavelength is much larger than the dimensions of the

structure.

Using circuit elements the behavior of the waves propagating in a trans-

mission line can be obtained. A series impedance block will represent magnetic

�elds and a shunt admittance block will represent electric �elds. Using the
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circuit elements instead of physical �elds, voltages and currents can be used

to characterize the transmission line. In the frequency domain voltages and

currents on a transmission line operating in the quasi-TEM mode satisfy the

following equations,

@V

@x
= �ZI

@I

@x
= �Y V; (2.1)

where V and I represent the voltage and current on the line respectively. Z any

Y are the series impedance and shunt admittance per unit lengths respectively.

Solutions to Laplace's equation lead to the values for Z and Y .

Di�erentiating once and substituting the equations above, the wave equa-

tions for voltages and currents on the transmission line can be written as,

V 00 �
Z 0

Z
V 0 � ZY V = 0

I 00 �
Y 0

Y
I 0 � ZY I = 0: (2.2)

For uniform structures series impedance Z and shunt admittance Y are con-

stant along the propagation axis, hence the equations above simplify to uniform

medium wave equations. Quasi-TEM approximation yields series impedance Z

and shunt admittance Y values for a given cross-sectional geometry. Propaga-

tion parameters can be written in terms of Z and Y :

Z0 =

s
Z

Y


 =
p
ZY ; (2.3)

where Z0 and 
 are the characteristic impedance and propagation constant

respectively. For most cases of practical interest, the dielectric present in the
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Figure 2.1: Parallel plate transmission line for the transverse resonance calcu-
lation.

surrounding space can be assumed to be lossless, hence the shunt admittance

is given by:

Y = j!C (2.4)

where C is the static capacitance per unit length of the line. Including the

resistance of the conductors, series impedance is,

Z = R+ j!L (2.5)

where R and L are the resistance and inductance of the line respectively. It

should be kept in mind that both R and L are in reality frequency dependent

parameters.

2.2 Transverse Resonance Method

The transverse resonance method is used to calculate propagation constants of

many practical structures. In this method, the cross section of the structure is

represented as a transmission line system[3] in the transverse direction. The
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transverse resonance method has been used before to calculate transmission

line characteristics including loss [6, 1]. As a simple example, let us consider

a parallel plate transmission line, one plate at y = 0 and the other at y =

d, of width w. Using the transverse resonance method, the inductance and

capacitance of this line can be obtained. If we consider the impedance seen

from the driven line, with a short representing the other line (Fig. 2.1), we

have,

Zin =
1

w

r
�

�
tanh(j!

p
��d) (2.6)

where � and � are the permeability and permittivity of the �lling material, re-

spectively. Assuming transverse dimensions are much smaller than the wavelength,

tanh(j!
p
��d) can be approximated as j!

p
��d. The series impedance then be-

comes

Z = j!
�d

w
: (2.7)

We can identify �d=w as the inductance of this parallel plate transmission line.

The same approach can be used to get the shunt admittance. The admittance

seen from one side of the structure looking at an open at the other side is

Yin =
1

d

s
�

�
tanh(j!

p
��w): (2.8)

At the limit the shunt admittance expression becomes

Y = j!
�w

d
; (2.9)

also notice that, �w=d is the capacitance in (2.4). For the series impedance, we

can also include the e�ect of �nite conductivity of the plates using transmission

line equations for cascaded lines. This time Zin is calculated with two sections

(�rst the �lling material and then the metal) of transmission line terminated
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with an open circuit (air boundary). This will result in frequency dependent

resistance and inductance in (2.5). In the following section, use of this method

is expanded to microstrip line over a multi-layer substrate.

2.3 Quasi-Static Modeling of MIS Microstrip Lines

A microstrip line on an insulating layer on a semiconductor substrate with a

ground plane on the back is a Metal-Insulator Semiconductor (MIS) structure.

The series impedance of the microstrip line is a function of frequency and

substrate conductivity.

To determine the proper value of series impedance the e�ect of sub-

strate conductivity on the magnetic �eld distribution must be determined. For

semiconducting substrates signi�cant magnetically induced currents occur only

at very high frequencies. When the thickness of the semiconducting substrate

becomes greater than the skin depth, the so-called the "skin-e�ect" mode of

propagation is encountered [14]. Several papers in the �eld have recognized

that this leads to a reduction in the e�ective separation between the signal and

the ground plane, as well as inducing signi�cant loss due to series resistance

[15, 14, 27]. If the frequency or conductivity is low enough that the skin depth

is larger than the thickness of the semiconductor the magnetic �elds (and thus

inductance L) will be determined primarily by the con�guration of the metallic

conductors. In the skin-e�ect mode, series resistance induced by the currents

in the semiconducting substrate is signi�cant.

The behavior of electric �elds is quite di�erent. If the frequency of the

applied signal is below the dielectric relaxation frequency of the semiconductor,

then the electric �elds behave as if the semiconductor were a metallic sheet.
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Therefore the capacitance C will be inversely proportional to the distance sep-

arating the metal line and the semiconductor, and nearly independent of the

distance to the ground plane on the back of the substrate. Increasing the fre-

quency or decreasing the conductivity causes the electric �elds behave as if the

semiconductor were a dielectric layer, leading to a reduced capacitance com-

pared to the previous case. At the crossover region where ! � �=�semi, the

impact of the semiconductor conductivity on propagation loss (represented by

a shunt conductance) can be very large.

2.3.1 Quasi-Static Model

The use of quasi-static models for transmission lines is well established, and

has great utility when computational e�ciency is required [23]. In addition, for

cases where it is essential to include conductor loss, full-wave analysis can be-

come arduous. Many quasi-static models have been proposed which adequately

describe the impact of �nite conductivity on shunt admittance Y, through the

incorporation of a shunt conductance [25]. Equally important is the e�ect on

the series impedance Z, in the high frequency and/or high conductivity case,

which has not been properly treated from the quasi-static point of view.

The application of transverse resonance to �nd the equivalent series im-

pedance of a microstrip has previously been used by [13]. However, previous

work has assumed that the equivalent shunt transmission line is of uniform cross

section with a short circuit boundary condition representing the perfect ground

plane. This leads to the following expression for the driving point impedance,

Zeq =
j!�

w

tanh(
h) (2.10)
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Figure 2.2: Cross section of a microstrip over a semiconducting substrate. k

represents the e�ective spreading distance of the �elds between the strip and the
ground plane; best agreement between this model and conventional microstrip
calculations is achieved for k = 3h+ w=2.

where 
 is the complex propagation constant in the semiconductor, h is the

thickness of the semiconductor layer, w is the width of the microstrip line, and

� is the permeability of the semiconductor.

A uniform cross section approximation is invalid for microstrip except

for very wide strips compared to the thickness of the substrate. A more ac-

curate model uses a non-uniform transverse cross section, taking into account

the spreading of �elds. The series impedance for the microstrip is the input

impedance of the short circuited transmission line shown in Fig. 2.2. If the

e�ective cross section is assumed to vary linearly with depth x, approximating
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Figure 2.3: Comparison of inductance calculated using Wheeler's equation
(dashed line) and (2.11) (solid line) for a range of height-width ratios.

the spreading of the �elds between the microstrip and the ground plane, a closed

form solution can be obtained,

Zsemi =
1

jw

s
j!�0

j!�semi + �

H
(2)
0 (j�sb)H

(1)
0 (j�sa)�H

(2)
0 (j�sa)H

(1)
0 (j�sb)

H
(2)
0 (j�sb)H

(1)
1 (j�sa)�H

(2)
1 (j�sa)H

(1)
0 (j�sb)

(2.11)

where H(m)
n

are the Hankel functions of kind m, �s =
q
j!�0(j!�semi + �),

a = (hw)=(2k �w), and b = a+ h (Fig. 2.2). The parameter k is a measure of

how much the �elds spread before reaching the ground plane.

In the limit of zero conductivity in the semiconductor, the impedance

calculated using (2.11) should reduce to the inductance of a simple microstrip

line. The inductance calculated by this method matches to that from Wheeler's

equation [41] very closely (within 3%) over a wide range of h=w (height-width
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Figure 2.4: Circuit model for a MIS microstrip line, Csemi and Cinsu are the
capacitances representing semiconductor and insulator layers respectively.

ratio), for k = 3h+ w=2 (Fig. 2.3).

The equivalent circuit used to �nd the admittance of the microstrip is

the one proposed in [14] (Fig. 2.4): a capacitor Cinsu stands for the dielectric

layer, in series with a conductance shunted by another capacitance accounting

for the semiconducting layer. The circuit model is useful for the calculation

of propagation parameters. The same circuit model can be used in common

circuit simulators after a proper lumping algorithm [24]. The shunt conduct-

ance scales identically with the shunt capacitance in the semiconducting layer.

Here, Wheeler's equations are used to �nd the quasi-static capacitance of the

semiconductor substrate, and the value of the conductance obtained using

Gsemi =
�

�semi

Csemi (2.12)

where �semi is the dielectric constant of the semiconductor. The capacitance

introduced by the top insulating layer is assumed to be the parallel plate capa-

citance since the line width is normally much larger than the thickness of the



16

insulating layer, and is given by,

Cinsu =
�insu

t
w (2.13)

where t is the thickness of the insulating layer.

2.3.2 Comparison with Full-wave Calculations

To evaluate the accuracy of the approach explained above, the complex propaga-

tion constants of two microstrip line structures have been obtained using full-

wave and transverse resonance technique calculations. The spectral domain

approach was used for the full-wave calculations[20]. To compare the results

from the full-wave and model, a surface is generated by the model and plotted

on the same graph with the full-wave calculations.

As the �rst example, the case that Hasegawa [14] used originally, and

referenced by others later, is chosen. The geometry of the Metal-Insulator-

Silicon (MIS) structure is as follows: the width of the microstrip line is 160�m,

on a 1�m silicon dioxide layer on a 250�m thick silicon substrate. In the liter-

ature, curves of complex propagation constant of the structure with respect to

either conductivity or frequency are available. Here, a surface is plotted to ex-

amine changes with both variables. Figure 2.5 shows the attenuation constant

versus frequency and conductivity. The solid lines are the full-wave calcula-

tions. The model predicts the behavior of the attenuation constant quite well.

For each operating frequency value, there exist a minimum attenuation corres-

ponding to a conductivity value. For this case the minimum attenuation occurs

at 700(
mm)�1. As the conductivity increases or decreases, the attenuation

increases. Thus, it is di�cult to state intuitively what should be the substrate

conductivity for minimum attenuation.
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Figure 2.5: Surface of attenuation constant �, versus conductivity and frequency
for microstrip line; dotted lines: quasi-static model discussed in the text; solid
lines: full-wave results.
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for microstrip line; dotted lines: quasi-static model discussed in the text; solid
lines: full-wave results.
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Figure 2.7: Attenuation constant (in nepers per meter) versus height-width ratio
of microstrip and conductivity of substrate; dashed net is the quasi-static model
and solid lines at borders are full-wave calculations.

As for the phase constant curve, the model agrees with the full-wave

calculations to a great accuracy. In the intermediate region where the mode

is none of the three modes described in [14] exactly, the model has a sharper

transition, and then it stays lower than the full-wave calculation (around a

conductivity of 10 (
cm)�1 and frequency of 10GHz). A possible cause for this

discrepancy may be the �eld distribution in the highly conductive substrate can

not be approximated by quasi-TEM analysis. Although not highly accurate

over this small region, the model has the same trend over the whole range of

frequency and conductivity with full-wave calculation.

As the second example, the h=w dependence of the model has been

checked for a range of conductivity values, keeping the frequency constant at
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1GHz. For this example the line width is 50�m. The thickness of the silicon di-

oxide layer is 1�m, and the thickness of the silicon layer is changing from 10�m

to 1000�m. In Fig. 2.7 attenuation constant is plotted. The solid lines are the

full-wave curves. The high value of the attenuation constant corresponds to the

region where the mode is switching from dielectric quasi-TEM to slow wave

mode. Outside of that region the attenuation constant stays small, since the

lossless ground plane is shorting out the silicon layer. The mode is slow except

at very high conductivity and height/width ratio where it is skin-e�ect mode. In

the skin-e�ect mode region, at a �xed frequency the surface impedance of a con-

ductor decreases with the square root of increasing conductivity. That is not the

case for microstrip transmission lines, since the �elds assume a trapezoidal-like

shape in the transverse plane, and the area of this shape is proportional to the

square of the thickness. In the skin-e�ect region the thickness can be approxim-

ated by the skin-depth. The resistance of this cross section in the propagation

direction then can be calculated as independent of the conductivity.

These results were calculated on an IBM RISC/6000 workstation. It

took 0.25s to calculate a single quasi-static curve (not the surface). Using the

full-wave approach, it took over 1000s to calculate the same curve. Considering

the accuracy obtained and computer time taken to reach that accuracy, this

model is very e�cient.

In this chapter a quasi-static model for a microstrip on a semiconduct-

ing substrate has been veri�ed and proven to be e�cient for the calculation

of propagation parameters. This approach should be very useful in interactive

CAD and development tools. The model can be extended to multi layer sub-

strates with arbitrary parameters, i.e., di�erent permeability, permittivity, and
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conductivity, using transmission line techniques. Even for the high frequency,

high conductivity case, the mode is still quasi-TEM. The transverse dimensions

over which the currents are distributed decreases as frequency increases, hence

the wavelength is always greater than the transverse dimensions. The frequency

at which the quasi-TEM assumptions breaks down is in fact much higher than

predicted by looking at the transverse physical dimensions of the structure. The

quasi-TEM approximation is valid for lossy substrates for a very wide range of

frequency and conductivity.

This approach of calculating loss using transverse resonance technique

can be extended to conductor loss calculations for lossy transmission lines in

homogeneous and lossless media. Geometrical partitioning of rectangular cyl-

indrical conductors in the transverse plane can lead to an approximation for the

impedance seen by the traveling wave in the structure at the surface of the con-

ductors. From this information frequency dependent inductance and resistance

can be calculated.


