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Quasi-Static Conductor Loss Calculations in Transmission Lines
using a New Conformal Mapping Technique

Emre Tuncer, Beom-Taek Lee, M. Saiful Islam, and Dean P. Neikirk

Abstract   - A new approximation technique to find the total
series impedance per unit length for quasi-TEM transmission
lines including conductor loss has been developed.  It is shown
through the use of conformal mapping that both frequency
dependent skin-depth and proximity effects can be accurately
modeled.  Comparison between experimental measurements and
calculations for twin-lead, coplanar strips, parallel square bars,
and coplanar waveguide all show excellent agreement.  This
technique is easily generalized to any transmission line making
use of polygonal cross-section conductors.

I. INTRODUCTION
The evaluation of conductor loss remains one of the more

difficult problems in transmission line analysis.  Traditional
approaches include the incremental inductance rule [1, 2] and
integration over surface current distribution [3].  One difficulty
with these techniques is their failure to adequately model the
transition from low frequency to high frequency behavior.  When
calculating broad bandwidth time-domain pulse propagation, for
instance, the dispersion induced by this transition can be
significant.  For digital IC interconnect modeling, several other
techniques for predicting the frequency dependence of the series
impedance per unit length have also been developed [4-6].  There
is a continuing need for models which accurately predict both the
attenuation and phase constants from dc to high frequency for
transmission lines using conductors with finite resistance.

Quasi-static analysis, in particular the use of conformal
mapping, is well established as a useful technique for the
calculation of propagation constants of quasi-TEM transmission
lines.  The application of conformal mapping to the calculation
of the (complex) internal impedance of conductors is less widely
used, although the impact of mapping on the Helmholtz equation
is well known [7].  This effect can be viewed as a scaling of
metal conductivity [8, 9], which can be used to find conductor
surface impedance in the mapped plane.  In this paper we show
how conformal mapping can be used to accurately evaluate
frequency dependent conductor loss in quasi-TEM transmission
lines.  The technique uses an isolated-conductor surface impedance
in conjunction with a conformal map for the

entire transmission line cross-section to account for both skin-
depth and current crowding effects.  Predictions made using this
approach are in excellent agreement with experimentally measured
results for a wide range of geometries, from dc to high frequency.
This new technique is numerically efficient, and leads to new
equivalent circuits for the transmission lines that are highly
appropriate for time domain simulations [10].

II.  SCALED CONDUCTIVITY, SURFACE IMPEDANCE, AND
INTERCONNECT SERIES IMPEDANCE

Under the influence of a conformal map, the shape of an
infinitesimal patch in the original z-plane (real space coordinates
x and jy, with dimensions length) is preserved, but may be rotated
and magnified in the w-plane (mapped space coordinates u and jv,
normally dimensionless).  The scale factor M  relating a
differential length in the z-plane to one in the w-plane is found
from

dw = dw
dz

⋅ dz = M ⋅ dz (1a)

M = dw
dz

(1b)

For the normal calculation of capacitance, which depends on the
ratio of the width to the length of patches in the w-plane, the
scale factor cancels in the mapped domain.  However, the dc
series resistance per unit length Rdc for a transmission line

depends on the area of the conductor:
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where σ is the conductivity of the conductor.  Note that in the
series resistance the scale factor does not cancel in the mapped
domain.  To assure that the dc series resistance of the conductor is
preserved, we can define a new (non-uniform) conductivity σeff in

the w-plane  

σeff = σ
M2 = σ ⋅ dz

dw

2
(3)
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This is identical to the effective conductivity that appears in the
"scaled" Helmholtz equation [7] inside a good conductor.

In some cases the scaled conductivity can be used directly to
find the surface impedance of a conductor in a transmission line.
For example, consider a coaxial cable with a hollow center
conductor of inner radius r0 and outer radius r1.  The usual
conformal map for the calculation of quasi-static capacitance and
external inductance is

w = ln
z
r1







= ln
r

r1







+ jθ (4)

where z is the real space coordinate (having the dimensions of
length) and w  is the conformally mapped coordinate (which is
dimensionless).  This map is normally applied only to points
between the coaxial conductors.  However, the points falling
between r0 and r1, corresponding to material with (uniform) real
space conductivity σ, can also be mapped into the w-plane.
Application of (3 defines σeff for this region:

σeff = σ r2 = σ r1
2 exp 2u( ) (5)

The mapped conductor extends from its outside surface at u = 0
to its inner surface at u = − ln r1 r0( ), with non-uniform

conductivity given by (5.  Note that the effective conductivity in
the mapped plane has the units of length - siemen, since the
spatial coordinates in the mapped plane are dimensionless.

To find the surface impedance of the conformally mapped
conductor we can solve a non-uniform transmission line problem.
Applying transverse resonance, the surface impedance is just the
input impedance of an equivalent transmission line looking from
u = 0 in the -u direction, with uniform plate separation of one
unit, 2π wide, filled with a conducting medium with conductivity
given by (5.  This equivalent transmission line is terminated in

an open circuit at u = − ln r1 r0( ) since the conductor "ends" at

this point.  The propagation constant varies with position u
along the line, and is

γ u( ) = j ω µ σeff (6)

where ω is the angular frequency, µ is the permeability of the
conductor, and σeff  is given by (5.  The characteristic impedance

at each position u is

Zo u( ) = 1
2 π

j ω µ
σeff

(7)

Solution for the input impedance is identical to that for a radial
transmission line, giving the desired surface impedance ZS (in

Ω/square) (see (8) at bottom of page) where Jn and Yn are the

nth order Bessel functions of the first and second kind,
respectively.  This is the surface impedance due to the center
conductor of the coaxial line, found in the conformally-mapped
plane, and is identical to the exact expression found by solving
directly the Helmholtz equation in the x-y plane for the original,
cylindrically-symmetric conductor [11].

dL =
µo vt − vb( )

du

conformal map

conformal map

d Z bot =
Z S

x' , y' M u,v b( )
d u

d Z top =
Z S

x , y M u, v t( )
d u

real space mapped domain

Fig. 1: Conformal mapping process which unfolds conductors in
real space (the z-plane), scaling conductor conductivity and surface
impedance ZS into the mapped plane (the w-plane)

In many cases the non-uniform conducting medium problem
resulting from a conformal map is more difficult than the original
problem.  However, for conductor loss calculations in multi-
conductor transmission lines, a somewhat simpler approach is
possible.  Here we assume there are two dominant effects that
determine the frequency-dependent current distribution in the
conductors (and hence the series resistance and inductance of the
transmission line).  One is due to the frequency-dependent skin
depth; this leads to a complex surface impedance for each
individual conductor.  We also assume this surface impedance can
be found for the conductor in isolation from any other conductors
(i.e., it is an intrinsic property of a conductor, determined only by
the frequency and the geometry, conductivity, permeability, and
permittivity of the isolated conductor).  The second effect to be
accounted for is current crowding induced by the interaction
between the conductors (i.e., the proximity effect).  To accurately
predict the behavior of the transmission line the model should
account for uniform distribution of current at low frequency,
while at high frequency both the skin depth and proximity effects
will redistribute the current to the surfaces of the conductors.

To make efficient use of the conformal mapping technique,
the surface impedance ZS must first be found in the real-space

domain (the z-plane) for each isolated conductor.  In general, ZS
will depend on x and y (and hence, on u and v).  Once this is
found, a conformal map is used to transform the full transmission
line into a parallel plate configuration (Fig. 1).  Current crowding
effects can then be accounted for in the mapped domain, as
discussed below.  Also note a fundamental assumption in quasi-
statics: the series impedance (i.e., the resistance and inductance)
of a transmission line does not depend on the dielectrics used.
Thus, the conformal map appropriate for a homogeneous
dielectric problem is all that is required.  All experimental data
shown below are in excellent agreement with this approximation.

In general, assume a conformal map f(z) has been found
for a particular transmission line structure.  The map is such that
it produces parallel plates in the w-plane, with the plates

Z j
j j r j j r j j r j j r j

j r j j r j j r j j r j
S
circ = ⋅

( ) ( ) − ( ) ( )
( ) ( ) − ( ) ( )

ω µ
σ

ω µσ ω µσ ω µσ ω µσ
ω µσ ω µσ ω µσ ω µσ

Y J J Y

Y J J Y
0 1 0 1

1 1 1 1

1 0 1 0

1 0 1 0

(8)
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parallel to the u -axis, extending from 0 to uo, the top plate

located at vt, and the bottom plate at vb.  Referring to Fig. 1,

consider a point (x, jy) on the surface of the real space conductor
with corresponding surface impedance ZS(x, y).  For simplicity,

assume this point maps onto a point in the w-plane at (u, jvt),

on the top parallel plate.  The scaled surface impedance in the w-
plane is given by
M u v Z x y

M u v Z f u v f u v

t S s s

t S t t

, ,

, Re , , Im ,

( ) ( )
= ( ) ( )[ ] ( )[ ]( )− −1 1 (9)

where f −1 u,v( )  is the inverse of the mapping function.  The

differential series impedance per unit length dZtop due to a

differential width du of the top plate is then

dZtop =
M u,vt( ) ZS Re f −1 u,vt( )[ ], Im f −1 u,vt( )[ ]( )

du
(10)

The bottom plate also contributes to the series impedance

dZbot =
M u,vb( ) ZS Re f −1 u,vb( )[ ], Im f −1 u,vb( )[ ]( )

du
(11)

To find the total differential series impedance per unit length
dZtot due to this portion of the transmission line we assume the

magnetic fields between the plates are uniform, giving rise to an
inductance

dL =
µo vt − vb( )

du
(12)

where µo is the permeability of free space.  Finally, the total

differential series impedance per unit length dZtot is

dZtot = dZtop + dZbot + jω dL (13)

The total (quasi-static) series impedance per unit length Z(ω) for
the transmission line is due to the parallel combination of each
differential impedance, giving (14), (shown at the bottom of the
page) where for simplicity in notation we have used

ZS u,v( ) = ZS Re f −1 u,v( )[ ], Im f −1 u,v( )[ ]( ) (15)

The complex propagation constant γ for the transmission line is

now given by γ = Z ω( ) ⋅Y ω( ) , where Y ω( )  is the shunt

admittance per unit length for the transmission line, and Z(ω) is
found from (14).  Previous attempts to use conformal mapping to
evaluate conductor loss have used "effective" (average) values for
the scale factor [12, 13], and generally have not placed M  and the
surface impedance within the integral for the series impedance
Z(ω).  This can lead to significant inaccuracy, since the frequency
dependence of current crowding is not properly accounted for.

In some cases (such as circular conductors, "thin" plates, or
any conductor with rotational symmetry) the surface impedance
ZS is independent of position on the conductor

surface.  Equation 14 is simplified in such cases, and takes the
form

Z ω( ) = du

jωµo vt − vb + ZS M u,vt( ) + M u,vb( ){ }
0

uo

∫
















 −1

(16)

To examine the behavior of (16), let us assume ZS is given by

ZS ω( ) = RS ω( ) + jω LS ω( ) (17)

As ω → 0 (i.e., in the low frequency limit), (16) becomes
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If the two conductor transmission line is symmetric (i.e., the two
conductors have identical cross-sections and there exists a line of

mirror symmetry between them), then M u,vt( ) = M u,vb( ),

and at ω = 0 the first term of (18) is exactly the total dc
resistance per unit length of the conductors

Rdc = 2 RS 0( ) du

M u,vt( )
0

uo

∫
















 −1

(19)

since the integral is exactly the perimeter of the conductor.  Note
that the total dc resistance per unit length is the sum of the dc
resistances per unit length for each of the individual conductors.  

To find the high frequency behavior of (16) first note
that the high frequency conductor surface impedance always tends
to [11]

ZS
hf → µ ω

2σ
1+ j( ) = 1

σ δ
1+ j( ) (20)

where δ is the conductor skin depth.  With this substitution, the
high frequency series impedance per unit length for the
transmission line is

Z
j

u
du M u v M u v j

v v

u
hf

o
t b

u
o t b
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+
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2

0
σ δ

ω
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(21)
The second inductive term in (21) is exactly the normal external
quasi-static inductance Lext expected from a conformal map

producing parallel plates in the mapped domain

Lext =
µo vt − vb

uo
(22)

To understand the real part of (21), consider the conventional
approach to conductor loss calculation based on an

Z
du

j v v Z u v M u v Z u v M u vo t b S t t S b b
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ω
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integral over the high frequency current density Jz in the real

space domain [3]

1
2

Itot( )2 ⋅ Re Z
hf



 = 1

2
1

σ δ
Jz

conductor∫
2

d l








 (23)

where Itot is the total current carried by the transmission line, and

the integral is evaluated along the surfaces of the conductors (in
the z-plane).  In the mapped plane dl becomes du / M(w), and

Jz  is given by [3]  

Jz = Itot
uo

dw
dz

= Itot M

uo

(24)

where the scale factor M(w) is evaluated along the top and
bottom plates (from u = 0 to u = uo).  Substitution of (24) into

(23) gives

Re Z
hf



 = 1

σ δ uo
2 du M u,vt( ) + M u,vb( )[ ]  

0

uo

∫











(25)

which is identical to the real part of (21).  It is important to note
that this result can only be used at high frequency, and when the
surface resistance is independent of position in real space; when
these conditions are not met, the more general result given by
(14) should be used.

The conformal mapping technique discussed above requires
the knowledge of the surface impedance of each conductor in the
transmission line.  For a conductor with circular cross-section,
this would be given by (8).  However, many transmission lines
make use of conductors with rectangular cross-section.  If a "flat"
conductor in the original domain is much thinner than its lateral
extent, it can be approximated as a thin sheet with surface
impedance ZS  given by [14]

Z t
j

j

j

j
S t t
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2
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(26)
where t is the thickness of the conductor.  Equation 26 produces
the normal skin depth-limited surface impedance at high
frequency, as well as the appropriate low frequency limit, i.e., as
ω → 0, Zs → 2 σ t  (the factor of two appearing because this

resistance represents only one side of the plate).
For rectangular conductors with appreciable thickness,

however, this simple result will not hold.  An accurate
approximate expression for a thick conducting plate should yield
both the correct dc resistance of the conductor as ω → 0 as well
as the proper skin effect behavior at high frequency.  The
simplest approach is to divide the rectangular cross section into
segments, as shown in Fig. 2 [15].  The rectangular regions
(regions A in Fig. 2a) should have surface impedance given
approximately by (26).  

In the square regions (regions C in Fig. 2a) the skin effect
will cause current crowding toward the outside corner at high
frequencies.  By symmetry, we need only find the surface
impedance as a function of position for half of the square region,
divided along a diagonal (region C' in Fig. 2a).  To capture this
effect we can divide region C' into N triangular sections, and use
the distance from the base of each section

region A

region A

region C region C

w

t

region C'

region C

ZS

ZS

ZS

ZSZS

(a)

w n

h n

t
2

Z S

(b)
Fig. 2. (a)  Rectangular bar broken into sections for surface impedance
approximation; ZS for the rectangular sections (regions A) is given by (26).  (b)

nth triangular section of region C' used to approximate current crowding to the
corners, with surface impedance given by (29).

to the inside corner, hn, as the "thickness" of this segment of

conductor (Fig. 2b).  For the nth (n = 0, 1, 2, ..., N-1) section
the effective thickness hn is given by

hn = t

2
1 +

n + 1
2

N








2

(27)

and the width wn at the surface by

wn = hn
2

1

N + n + 1
2( ) n

N

+ 1

N + n + 1
2( ) n +1

N













(28)

The surface impedance ZS
n  of the nth triangular section can then

be found by applying transverse resonance and non-uniform
transmission line analysis [15-17], yielding

ZS
n =

j j ω µ σ
wn σ

J0 j j ω µ σ hn( )
J1 j j ω µ σ hn( )

t

2 N
(29)

where J0 and J1 are Bessel functions of the first kind.  The
position-dependent surface impedance in the corner region is thus
represented by N position-independent surface impedances, one for
each wn width of the surface.  For as few as four sections, this

expression accurately predicts the impedance of a square conductor
[15].  

III.  EXAMPLES

A. Circular Cylindrical Conductors (Twin-lead)
A simple test case for the conformal mapping technique is

the case of parallel wires, or "twin lead" transmission line.  Here
the proximity of the two wires leads to current crowding at high
frequencies, while at low frequencies the current remains
uniformly distributed across each wire's cross-section.  The
surface impedance of each wire is still assumed
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to be given by (8).  For two wires of radius R1 and R2, with

center-to-center separation C, assuming wire one is centered at the
origin in the z-plane, and wire two is centered at (C, 0), the
desired mapping function is

w = π − j ln R1
z − A1

A1 z − R1( )2

















(30)

where A1 is given by (31), shown at the bottom of the page.
This maps wire one into a flat plate in the w-plane, extending
from u = 0 to u = 2π, located at vb = 0.  Wire two also extends

from u = 0 to u = 2π, located at vt = ln R0 R1[ ] , where R0 is

given by (32), see the bottom of the page. The scale factors for
the two conductors are different

M i = Ri 1 −
Ri
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(33)

where i =1 gives M1  for wire one (the bottom plate in the

mapped domain), i = 2  gives M 2  for wire two (the top plate),

and A2 can be found from (31) by interchanging R1 and R2.  The
total series impedance per unit length is given by substitution
into (14), yielding
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where Z S
circ Ri ,σ i ,ω( )  is the surface impedance of the ith

wire (i = 1 or 2), given by (8).
For two solid wires of identical radius R and conductivity σ,

considerable simplification of (34) is possible.  For example, for
two wires centered at (d, 0) and (-d, 0) in the z-plane (i.e., d is
half the center-to-center separation of the conductors), the desired
mapping function is

w = π + j ln
z − a

z + a







(35)

where a = d2 − R2 .  Solution of (14) then gives the total

series impedance per unit length

Z ω( ) = 2
du

jω µo ln
d + a

R














+ Z S
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+ jω µo ln

d + a
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2

− Z S
circ 1
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2

(36)
Taking the high frequency limit (either by taking the limit as ω
becomes large in (36), or by using (21)) the total series
impedance is given by

Z hf =
Z S

circ

π R
 

d

a



+ j ω

µo ln d + a( ) R[ ]
π

(37)

which is exactly the expected result [18].  The low frequency
limit (using either (36), or (18)) is

Z lf =
Z S

circ

π R
+ j ω

µo ln d + a( ) R[ ]
π

d

a



(38a)

= 2
σ π R2 + j ω

µo ln d + a( ) R[ ]
π

d

a



+ µ

4 π






(38b)

where (38b) is obtained by taking the low frequency limit of (8)

for Z S
circ , assuming solid conductors.  The real part of (38b) is

exactly the total dc resistance per unit length of the two wires,

2 σ π R2( ).  In addition, the redistribution of current across the

full cross-section of the wires at low frequency has led to an
increase in the inductance by a factor of d/a compared to the high
frequency external inductance, plus the low frequency internal
inductance of the two conductors, µ 4π( ).  The low frequency
inductance from (38) is compared to that found from an energy
integral [19] in Fig. 3, as a function of d/R.  Since the mapping
technique assumes uniform flux between the parallel plates in the
mapped domain at all frequencies it overestimates the "dc"
inductance, although for d/R = 2 the error is less than 10 %, and
for d/R > 6 the error is less than 1.5 %.

Fig. 4 compares the measured impedance per unit length of
parallel, closely spaced circular wires to the calculated values
from (36).  Also shown for comparison is the skin depth
resistance ignoring current crowding.  In this example, current
crowding begins before the skin depth becomes smaller than the
radius of the wire.  The conformal mapping results are in
excellent agreement with the experimental measurements over the
whole frequency range, including the transition from dc-like
behavior (i.e., uniform current distribution) to current-crowded
behavior.  Also note that in the experiment the supporting
structure for the wires was an "inhomogeneous" dielectric (i.e., it
did not possess any of the symmetries of the

A1 =
R1( )2

+ C2 − R2( )2
+ C + R2( )2

− R1( )2





C − R2( )2
− R1( )2





2C
(31)

R0 =
C2 − R2( )2

− R1( )2
− C + R2( )2

− R1( )2





C − R2( )2
− R1( )2





2 R2

(32)
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Fig. 3. Calculated low frequency inductance of parallel circular wires of radius
R; d is half the wire separation.  solid line:  conformal mapping result (from
(38b));  O :  inductance found from magnetic field energy integration assuming
wires with uniform current distribution.

1x10-5

1x10-4

1x10-3

1x10-2

1x103 1x104 1x105 1x106

S
er

ie
s 

Im
pe

da
nc

e 
(O

hm
 c

m
-1

)

Frequency (Hz)

Im (Z)

Re (Z)

map

skin resistance

measured

2 mm

0.2 mm

Fig. 4. Measured (solid lines) and calculated real and imaginary parts of the
impedance per unit length for parallel, circular wires (R = 0.10cm, d = 0.11cm,
σ = 5.8 x 105Scm-1).                       :  conformal mapping results from (36);    
              :  skin effect resistance only (no current crowding).

twin-lead).  The agreement between measurement and calculation
supports the quasi-static assumption that the configuration of
dielectrics does not effect the series impedance.

This same mapping process can also be used to find an
expression for the series impedance of a circular conductor over an
infinitely wide ground plane with finite conductivity.  For a wire
of radius R and conductivity σ, whose center is a distance d above
a ground plane with conductivity σgp and thickness t/2, the result

is (39), shown at the bottom of the page, where ZS
gp  is the

surface impedance of the ground plane, given by (26).  In this
case, since the conductors are not identical in shape, the real part
of (39) at ω = 0 is not guaranteed to be the correct dc resistance
of the transmission line.  Taking the dc limit of (39) gives

Re Z ω = 0( )[ ] = Rdc
map = Rdc

wire 1 + R

d + R







Rσ
t 2( )σgp

(40)

where Rdc
wire  is the dc resistance per unit length of the wire (i.e.,

1 π R2 σ( )). Note the correct dc resistance should be Rdc
wire

(since the ground plane is infinitely wide, and thus contributes no
dc resistance); thus, the error becomes small for wires widely
removed from the plane (i.e., d >> R) or when the sheet resistance
of the ground plane is much lower than that of the wire (i.e., t
σgp >> R σ).

IV. RECTANGULAR CYLINDRICAL CONDUCTORS

A. Symmetric Coplanar Strips
For conductors with rectangular cross-section a conformal

map is guaranteed to exist, based on a Schwarz-Christoffel
transformation.  A particularly simple case of parallel conducting
rectangular bars are coplanar strips of thickness t, width w, and
gap between strips 2d.  For thin strips (i.e., t << w or d) placed
on the x-axis in the z-plane, with the origin half way between the
two strips, the conformal map is defined by

w = j
d z'

z'2 − d2[ ] z'2 − w + d( )2[ ]0

z

∫ (41)

By symmetry, for the impedance calculation we need only
consider the upper half plane (the lower half plane will make an
identical contribution in parallel), and the scale factors for the
"top" and "bottom" plates in the mapped domain (i.e., M(u, vt)

and M(u, vb)) must be identical.  Here the scale factor is easily

found along the real space x-axis

M x( ) = 1

x2 − d2[ ] x2 − w + d( )2[ ]
(42)

The "plate" separation in the mapped domain vt − vb  is

vt − vb = 2 M x( )dx

0

d

∫ = 2
dx

d2 − x2[ ] w + d( )2 − x2[0

d

∫
(43)

The total series impedance per unit length for thin co-planar
strips is then (44), (shown at the bottom of the next page) where
ZS is the surface impedance of thin strips, given by (26).

The measured impedance per unit length of thin coplanar
strips is shown in Fig. 5, along with the calculated results from
(44).  Also shown for comparison are several discrete points
calculated using a commercial software package, Ansoft's

Maxwell®, as well as the skin depth resistance ignoring current
crowding.  Again, the conformal mapping result is in excellent
agreement with the experimental measurements from low to high
frequency, capturing the impact of current crowding on the series
resistance of the transmission line.

A more general result can also be derived for thick,
coplanar rectangular conductors. Two conformal maps are required
to convert this structure into a parallel plate configuration. The

Z ω( ) = 1
π

1
a

d

R
Z S

circ + ZS
gp



 + jω µo ln

d + a

R












2

− 1
a

Z S
circ + ZS

gp( )





2

(39)
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Fig. 5. Comparison between measured (solid lines) and simulated series
impedance per unit length (real and imaginary parts) for thin coplanar strips.
The strips were supported by a 0.08 cm thick εr = 2.55 substrate, and the strip

dimensions were: d = 0.05 cm, w = 1.3 cm, t = 17 µm, and σ = 5.8 x 105 S.cm-1
(copper).            :  conformal mapping results from (44);  Z :  imaginary part
calculated using Maxwell ®;  8 :  real part calculated using Maxwell ®;
                :  skin effect resistance only (no current crowding).

first map is between the real space z-plane and an intermediate ξ-
plane, in which the rectangular conductors are transformed into
two thin, coplanar strips:

z = c
ξ'2 − 1 k1

2( ) ξ'2 − 1 k2
2( )

ξ'2 − 1( ) ξ'2 − 1 k2( ) d ξ'

0

ξ

∫    (45)

where the values of c, k, k1, and k2 are determined by the
separation, width, and thickness of the rectangular conductors.  A
second map is required to convert to the final parallel plates in the
w-plane:

w = 1

ξ'2 − 1( ) ξ'2 − 1 k2( )
d ξ'

0

ξ

∫ (46)

In this case it is easiest to scale the surface impedance ZS from

the z-plane into the ξ-plane, and also scale the inductance from
the w-plane into the same ξ-plane.  The two scale factors are then

M ξ( ) = d ξ
d z

= 1
c

ξ2 − 1( ) ξ2 − 1 k2( )
ξ2 − 1 k1

2( ) ξ2 − 1 k2
2( )

(47a)

N ξ( ) = d ξ
d w

= ξ2 − 1( ) ξ2 − 1 k2( ) (47b)

and the series impedance per unit length Z(ω) is given by

Z ω( ) = d ξ
j ω µo vt − vb N ξ( ) + 2 ZS ω ,ξ( ) M ξ( )

1

1 k

∫














 −1

 (48)
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from (48);  Z :  imaginary part calculated using Maxwell ®;   8 :  real part
calculated using Maxwell ®;        :  skin effect resistance only (no current
crowding).

where ZS is the surface impedance of the rectangular conductors

(given approximately by eqs. 26 and 29).  Figure 6 shows both
measured and calculated results for hollow, square coplanar bars;
here the surface impedance was found from eqs. 26 and 29, setting
t/2 equal to the wall thickness of the hollow brass conductors.

Also shown are several discrete points found using Maxwell ®.
The agreement between the conformal map calculation and the
measured data is good, capturing the frequency dependent current
crowding even for this extreme case of closely spaced square
conductors.

B. Coplanar Waveguide
To verify the accuracy of this technique at microwave

frequencies, we have also made measurements on coplanar
waveguide (CPW) fabricated on low loss dielectric substrates [20,
21].  Here we show the results for a semi-insulating GaAs
substrate (approximately 500 µm thick), for rf frequencies from
45 MHz to 40 GHz.  The CPW metallization was 0.8 µm of
evaporated silver, with center conductor width of 10 µm, gaps
between the center conductor and ground planes of 7 µm, and
ground plane widths of 500 µm.  The conformal mapping
functions discussed in [22, 23] were used to calculate the
capacitance per unit length of the CPW (using εr = 1 for the
upper half space, and εr = 13 for the lower half space), and were
also used (using εr = 1 everywhere) in (14) to find the series
impedance per unit length, assuming a surface impedance given
by (26).  Both the experimental results and calculated values from
our model are shown in Fig. 7.  For the experimental results,
attenuation and effective refractive index (neff = β/βo) were
extracted from the S-parameters measured using an HP 8510B
Network Analyzer.  Excellent agreement

Z
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Fig. 7. Comparison between measured (solid lines) and simulated attenuation
constant and effective refractive index for coplanar waveguide on an SI GaAs
substrate.  CPW dimensions are: center conductor width = 10 µm, gap widths =
7 µm, ground plane widths = 500 µm, metal thickness = 0.8 µm, and σ = 6 x 105

S.cm-1 (evaporated silver).   O :  conformal mapping results, effective index;
E :  conformal mapping results, attenuation constant;  Z :  attenuation constant
assuming no current crowding but including skin depth from (29);  C :
attenuation constant using the incremental inductance rule [27];  G :  attenuation
constant using the integral over high frequency surface current density [3] .

between experiment and calculation over the full frequency range
(45 MHz - 40 GHz) is obtained.  Excellent agreement has also
been obtained for devices fabricated on glass substrates, again
supporting the validity of the quasi-static assumption that the
dielectric constant of the substrate does not influence the series
impedance of the interconnect.  Also shown in Fig. 7 are the
calculated attenuation constants assuming Z is given by the
quasi-static inductance in series with the skin-effect resistance
(i.e., ignoring current crowding), the attenuation constant found
using the incremental inductance rule [2], and the attenuation
constant obtained by integrating over the high frequency CPW
current distribution [3].  Conductor loss calculations from other
existing quasi-static analysis [24]  also fail to agree with the
experimental results.  We have also compared the extensive
experimental data of Haydl et al. [Haydl, 1991 #10; Haydl, 1992
#11] to our model; in all cases excellent agreement has been
obtained.  Again, no fitting factors are used; only the dimensions
of the CPW and conductivity of the metal are required for the
calculation.  

V.  CONCLUSION
In summary, we have discussed a new quasi-static technique

for the calculation of conductor loss in quasi-TEM transmission
lines that shows excellent agreement with experimental
measurements.  The technique uses an isolated-conductor surface
impedance in conjunction with a conformal map for the entire
transmission line cross-section to account for both skin-depth and
current crowding effects.  The new model can accurately predict
the series impedance per unit length from dc to high frequencies
for conductors with finite conductivity.  The approach is
numerically efficient, and can be readily applied to any
transmission line structure using polygonal cross-section
conductors.  This technique should be particularly useful in time
domain pulse propagation models for integrated circuit
interconnects, where the impact of finite conductivity cannot be
ignored.
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