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Abstract

A new impedance boundary condition method for calculatingdnesimpedance ofossy
guasi-TEMtransmission lines ipresented. Previougchniquesusing a nore standard
impedance boundary condition are typically limited to high frequency whergnpedance
boundary conditionsan be easily approximated due tolatsalized characteristics in that
limit. The new impedanceboundary condition, referred to dke effective internal
impedance (E) produces valuethat are relatively localized (independent of the presence
of other conductors) frotow to high frequencyallowing the relatively simplesurface

impedance of an isolated conductor to be used as an approximation of the EIl.
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|. Introduction

For efficient modeling ofwide bandwidth, high speed lossy transmissioes
frequency dependent characteristics induced by finglmonductivity must beccurately
approximated. One of the more popular approachégisvolume filament technique” [1,
2], wherethe conductor volume is divided into several filamesdashassumed to carry
uniform currents; under this assumption it is straightforwarccaigulate the mutual
inductances between these filame(fiig). 2a). The nverse ofimpedance matrix can then
be obtained. However, due to highly non-uniform current distributions at high frequency, a
large number of filaments must beed toaccurately predicseriesimpedancewhen skin
and proximity effects are strong. A generally more attractive approach is a "sotéagel
equation method[3, 4] where only surface currentse modeled, requiringnuch less
memory usage and CPU time for simulation. This apprdamivever, requiresalculation
of surface current distributiongsing the method of moments that can be numerically
expensive,especiallywhen there aresharp corners. This techniquemay also have
numericalproblems at low frequency whesurrent distribution is almost uniforacross
the cross-section ofhe conductors, as opposed tie high frequencylimit when the
current density is well approximated as a surface current.

An impedance boundary condition (IBC) is usually adopted to simplify the problem
by eliminating theregions withfinite conductivity from the domain to be seéd, for
example, the lossy conductors in eddgurrent and transmissioline problems [5].
Solutionscan then be obtained by applying the firllement methodFEM) [6, 7], the
boundary element method (BEM]8, 9], the electric/magnetic field integral method
(MFIE/EFIE) [10, 11], the finite difference time domain method (FDTD) [12, 13], etc.

Schelkunoff [14] first introduced the concept of surfanpedancdor the analysis
of coaxial cables. A simple and widely used boundary conditienl.eontovichboundary
condition[15] (referred tohere as thestandardimpedanceboundary condition(SIBC)),
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was originally developed for use whtre skin depth is small relative to othdimensions
of the problem, or the layer is thin and highdgsy. At lowand mid frequency where the
skin depth is comparable to or larger than thmensions ofthe structuresthe surface
impedance is strictly no longel@cal property and depends ane global geometry of the
conductors. Consequently it much harder to approximate surfacepedance at low
frequenciesThe new technique presented in this pagliows a new boundamgondition
whose propertiesre much easier to prediover a broad bandwidth from low to high

frequency.

[l. Motivation and Formulation

The volume filament techniqueasbeen widelyused in highperformance package
modeling since an extern@reen’sfunction can beused tocalculate mutuainductances
between conductors regardless dfeir different conductivities, avoidingsolving
complicatedboundary condition problentkat are often encounteredsarfaceequivalent
problems. Also, thisechnique directly calculatessistances and inductances (rattmnan
field quantities) that are frequenthgquiredfor circuit simulation. According to the
equivalence theorem, the original problem can be replatbdequivalent surface currents
as long as this current generates the correct fields outside of the conductors, while the fields
inside of the conductor can lessumed to be arbitrary. This allows oneraplace the
medium inside the conducttwoundaries withthe same medium as the externagjion.
Consequently, arexternal Green’s function can beused everywhere irthe integral
equations.

In formulating a surface boundary conditithre fields inside of the conductor are
usually assumed to be zefb6], but here we assumihe vector magnetic potential is
continuous across conducturfacesand the equivalersgurface current is defined as the
difference between original tangential magnetic featd internaltangential magnetic field
generated in thisew equivalentproblem. Figure Ishowsthe original problem and the
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equivalent problem explained here. Of course, it might seem that thiappeeachwould

make problem much more complicatduit as will be demonstrated in thgmaper, the
surfaceimpedanceéboundary condition satisfying thisew problem the effective internal
impedance (Ell), is much more localized than the SIBC from low to high frequencies. The
surface integral equation before applyithg equivalence theorefor the exterior region

can be obtained from [3]

far Gaalrr)urh(r)+ far [GEalrr) = p(r)olr -r)] Ac(r) =0 (1)

where H;, and A, are the tangential magnetic fieihd longitudinalmagnetic vector
potential respectivelyp(r') Is the position dependent coefficient describing source strength
distribution (often assumed without justification to be 0.5), @gg and G « are the free
space externaGreen’sfunction and its derivative with respect tioe surface normal,
respectively, andhe integral is carried out along the perimetealb€onductors. For the

interior region,

ferlrr)jwth fdr[Gzrr +[1=p(r)]8(r - ]E =0, (2

where Gé and Gg are theGreen'sfunction and its normal derivativier conductor g,

respectively, andhe integral is carried out along teach individual coductor perimeter

I, Equation (1) and (2) have to be solved together with the requirement that

f arHi=lg (3)
g
where/, is the total current carried by conductpr.

After applying the equivalencéheorem,the Green’s function that appears in
equation(2) can be replaced by the free sp&een’sfunctionused in (1). Irthis paper
we use continuity of the vector magnetic potential across conductor surfaces to complete the
definition of the Ell. Equation (1) for the exterior region becomes
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fdr Gae (. r) LHEX (r fdr [Gext r,r') = p(r)a(r —r')]Az(r') =0 , 4
where He)“ is the external tangential magnefield. For the interior region equation (2)

becomes

fdrlGext r, I’ fdr[Gext r, I’ [1_ p(l")]5(l’ —I")]Az(r') =0’ )

Wherth is the internal tangential magnetic field and the integrabis carried out along

the entire surface of inside of the conductor.
If the values of externdahngential magnetic fieldnd magnetic vector potential are

exactlyknown inequation(4) (here,magnetic vector potential is related to magnetic field

by A=0x u/’:l ), the position dependentoefficient p(r') can bedetermined, andhen

H[” can be found from equation (5).

For this newequivalentproblem,the relationship between the longitudireéctric
field and the difference of th&angential magneti¢ields acrossthe equivalent surface
impedance sheet is called the effective internal impedance (the Ell, to distinguish it from the

SIBC), and is then

Vo B _E()
2 ) i) T ) ©

where Z;; is the Ell andJy is the equivalent surface current density.

To compute the integrated quantitiessafriesimpedanceusing the EIll approach,
power applied, power dissipated, and magnetic energy stotlkd gquivalent problem are

found using

- J’ dsOo? 7 = I dsZgilJsf + ij ds AL (7)
5 s 5
where S is the conductor surface adelis theelectricpotential. The left-handide of the

equation (7) is the power applied, the fiestm of righthand side ighe power dissipated,
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and the secondterm corresponds tahe magneticenergy stored. Fromthe power

dissipation term in (7), resistance can be calculated using

, 2

.f ar Re{Ze,’,'|JS| }
Mg

2
\fdr’Js
rq

where/, is the length of the ling . Internal inductance of conductgr and total external

i, (8)

Rgrm(w) = .

inductance are calculated from the stored magnetic energy term,

- Tk [+ - %
ufdvHMH™ I ds A GEAX H
5, T

a(w) =

ing\W) = e =" 2
‘q‘ dr'Jg
rq
%
f dr'lm{EzH;”}
_JITq

g (9)
W tf dr'Jg
rq

and

U
1 (v He et J'dsnffb‘\xHe’“*D
LSfm( ): Vext L

ext

Iof S
/ dr'J
1q qZ\frs

1

M=

Qo
1l

dr' Im{(E + DCD")HeXt }

W \fdr'Js
rq

whereV,,; is the volume exterior to theonductors. The surface inductance due to the

q

)

(10)

2 q

g=1

moogg o
—

OogOood O

magnetic energy stored by the impedance sheet is given by
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srm

sur q -
‘I ‘ w \fdr’Js
rq

Finally, the sum of internal, external, and surfaceluctances fron(9), (10), and (11)

2 ' q
I dslm{zq_,|Js| } frq dr 'm{Ze,,|Js| } .
= —0, - (11)

gives the total series inductance for the transmission line in the EIl formulation.

To validateequations (8) td11), asimilar procedure can based toderive the
equations for seriesnpedanceusing the boundaryelement methodi3, 17]. Using the
exact exterior magnet@nd electricfields fromthe originalproblem, itcan beshown that
the resistances given by (8) are identical to the original problem, that the external inductance
given by (10) is identical to the original problem, and the sum of (9) and (ildEnigcal to

the internal inductances in the original problem.

IIl. Surface Ribbon Method

For series impedance calculation, even tho{@ho (11)areuseful to vabate the
new approach, it is a time-consuming task to solve the coupled integral equatiomsch A
simplified formulation can be derived directipm (4), (5), and(6). By subtracting (5)

from (4) and applying (6) the following integral equation resultgrifoconductor system.

m m

f dr jquext 3(r —r’)Ze,-,-(r’)}Js(r')+ Zfdr‘é(r -r')0,®% =0 . (12)

Eachconductor perimetef, can befurther dividedintoN, segmentseachwith sub
section C,,, where these pieces represent current-carrying “ribbons” of width

Wgk = | dr . Equation (12) then becomes
qk

z3HK(n)I*(r) +quz Z I dr' J"(r) Gae(r,r) = 0,9, (13)
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where Zg”k anqu k arerespectivelythe effective internal impedance and sheet current

density onthe K" ribbon (k =12,---,N,) of the d' conductor § =12,...,m) at a given

frequency, and the second term on the left hand side represents contributions from self and

, , , 1 ,
mutual inductances. For a two dimensional aasg(r,r') = —2—In|r —r'. If theribbons
T

are narrow enough that the sheet current density is comstarsseach rbbon, integrating

over the K ribbon yields

Iere,, )+ jw,uz I Idr drGiy(r,r)=— dro,o* (14)
Wi o Ck

Wherel§ is the total sheet current carried by tHeikbon, and for simplicity the double

superscript(q,k) has been replaced with the single superséripk =12,...,N
N =Ny, xm). Finally,

i
z!;,,/k +ja),uz Mikllfv IC Idrerextrr K-of | (15)
k

Whereqbl CI>2 is voltage drop along the ribbon Ke,, is the EIll averagedver the width
of ribbon k, and/, is the length ofribbon k, which is assumed to be 1 in a two

dimensional problem. Equation (15) can be expressed as an N x N matrix equation

[(Zea] + ied]) | = [V] (16)
Where[Ze,-,-] is an N x N diagonal matrix made up of t@/wk and [L] IS a matrix
consisting of self and mutual inductances between surilalsens. This approach isalled
the surface ribbon method (SRM);ig= 2b illustrates the techniqudor rectangular
conductor. Now rather than calculating resistance and inductance from equatio(iL(B), to

if [Ze,-,-] is known (16)can beused tocalculateresistance and inductandé&ectly, as is

done in the volume filament method [1, 2]. As shown in the following secherEll has

relatively localized characteristics, aIIowi[‘@e,-,-] to be easily approximated.
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IV. Sample Results

To calculate the exaéill, the volume filament technique can bsed to find the
external magnetic and electric fields and the vector magnetic potential, then these values can
be used in (4) and (5) malculate the internal magnefield, andfinally the Ell is found
using (6). Fig. 3 shows @mparison betweethe Ell valuedor two circular conductors
with radii 1 mm separated by 0.2 mm, 20 mm, and 200 amd,thesurfaceimpedance of

an isolated circular conductor given by [18],

_ jJjaua Jolja jauo)

T ayjans) 0

whered is the radius of the conductor. The most interesting characteristics of the Ell is the
position independence of the real part at low frequency, as shown in Figll 3aal parts

of the EIl are almost constant and are quite close tsutfaceimpedance of the isolated
conductorcalculatedfrom (17). The imaginaryparts do have a position dependence,
especiallywhen two conductorarevery close teeachother. Howeverthis dependence
diminishes quickly as thewvo conductorsare separated, with values of Im(ElBeing
approximately the average of that obtained from (17). At high frequency, the internal fields
of the conductors approach zero, and the Ell calculated from é&pécted to approach to

the SIBCwhich isaccurately approximated K 7) in the high frequency limit. k. 3b
shows that this does indeed occur. In otherds, (17)can beused as aapproximation

of the EIl tocalculateseriesimpedance of circulaconductors regardless tife frequency

or proximity of other conductor§.e., Z_elf,, =Z, in (15) and(16)). To supportthis

point, the seriesimpedance ofwo circular conductors separated By2 mm iscalculated

and compared with the volume filament method as shown in Figdete, a polygomwith
degree 24shown in Fig. 4a is usethstead of a circular conductor to simplify the

calculation of the mutual inductance between ribbons. Figuieddtates(17) isindeed a
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good approximation of the Efor seriesimpedance calculation evevhen conductors are
very close to each other.

The Ell values for square conductors with widthud® and separated by in and
50 um have also been calculated. It is impossibleatoulate exactly the SIBC of isolated
square orectangular conductors duettee singularity at theorner, however, itan be
approximated19-21]. Fig. 5 showshe low frequencycharacteristics of th&ll. Both
realand imaginary parts dhe EIll show similar characteristics as the circular case except
near the corner. At high frequendiie surfaceimpedance of an infinitelwide andthick

conductor given by

Imfu,, .
=) (18)

is a reasonable approximation for the SIBC far from corners; Fig. 6 showkeHali also

ZS

approaches (18gxcept near theorner. Exanmation of other geometricatases has
confirmed that theEll is well approximated by thsurfaceimpedance of an isolated
conductor, regardless tiie presence of othebnductorsVarious studie§17, 22] have

shownthat an approximatelll can be directly applied t¢l6) to accurately estimate the
series impedance of various cross-sectional conducidrs seriesimpedance calculations

for multi-conductor transmission lines using the SRM are detailed in [17, 22].

V. Conclusions

The precise definition of an alternatigarfaceimpedanceboundary condition has
been formulatedior use in lossy transmissidime analysis. For this boundary condition,
the conductor is modeled as an impedance sheet on the conukratoster.the conductor
interior is replaced by #&non-conducting) exterior material, artde effective internal
impedance (H) is defined onthe impedancsheet. At low frequencythe real part of the
Ell is almost constant along the perimeter ofamductor, and at high frequentye Ell

approacheshe SIBC; hencethe Ell is approximately #ocal quantityfrom low to high
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frequency. Approximations to the Ell can be used in the surface ribbon method, producing
numerically efficient andaccurate calculation of theeriesimpedance oflossy multi-
conductorlines. Here,the SRMwas applied totwo dimensionalproblems,but can be
extended to three dimensional problems [17]. Since this method requires substassally
memory than the VFM, the SRM can beed effectively for ground plane modeling

including current crowding effects.
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Figure Captions
Figure 1: (a) Original problem where conductors with finite conductivity carry volume
currents. (b) equivalent problem where conductor interior is replaced with non-conducting

exterior medium and equivalent surface current satisfying the boundary condition is used.

Figure 2: (a) lllustration of the volume filament technique wigreepresents the self

(1 = j) and mutual { # j) inductances between filamen£g;is filament resistance given

by /oA where A is the cross-sectional area of the filament. (b) Surface ribbon method

whereL; represents the self and mutual inductance between surface ribbafig;asdhe

diagonal elements ¢%Z;| given in (16).

Figure 3: Position dependency of Ell for circular conductor with a = 1mm, d = 0.2, 20,
and 200 mm. solid line: d = 0.2 mm, dotted line: d = 2 mm, dashed line: d = 200 mm, dot-
dash line: equation (17). (a): low frequency limit (1 kHz); (b): high frequency limit (1
MHz).

Figure 4. (a) Segmentation scheme for circular conductor using polygon of degree 24 in the
SRM. (b) Series impedance calculation of two closely spaced circular conductors with a =

1 mm, d =0.2 mm, N =48. Solid line: SRM; dashed line: VFM

Figure 5: Position dependency of Ell for square conductor wifin2%idth and d = Jum
and 50um at f = 1kHz. solid line: d = gm, dashed line: d = 50m. (a) real part (b)

imaginary part.

Figure 6: Position dependency of Ell for square conductor wifin2%idth and d = Jum
and 50um at f = 1 GHz. solid line: d = m, dotted line: d = 5Qim, dashed line: equation

(18). (a) real part (b) imaginary part.
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